Abstract. In this paper, some new properties of EQ-algebras are investigated. We introduce and study the notion of Boolean center of lattice ordered EQ-algebras with bottom element. We show that in a good ℓEQ-algebra E with bottom element the complement of an element is unique. Furthermore, Boolean elements of a good bounded lattice EQ-algebra are characterized. Finally, we obtain conditions under which Boolean center of an EQ-algebra E is the subalgebra of E.
Introduction
In order to deal with uncertainty and inaccurate reasoning, an accurate type of logic such as fuzzy logic can be used. The algebraic properties and features of the structure of the truth values, uniquely determine any many-valued logic. It is widespread approved that in fuzzy logic, there must be a residuated lattice, which will probably fulfill some extra properties. Now we will distinguish different types of formal fuzzy logics. Residuated lattice based fuzzy logic is a well-known fuzzy logic example of which include Lukasiewicz logic [1] , M T L-logic [4] , Gödel logic [5] , BL-logic [8] and R 0 -logic [9] , etc. The algebraic semantics that correspond to these logics are M V -algebras, M T L-algebras, BL-algebras and R 0 -algebras, respectively [11] .
EQ-algebras were introduced by V. Novák and B. De Baets with the intent to generalize residuated lattice [10] .
An EQ-algebra has three binary operations (meet, multiplication and a fuzzy equality) and a top element. A binary operation implication is derived from fuzzy equality by x → y = (x ∧ y) ∼ x. This implication and multiplication are not closely tied by the adjunction.
Special classes of EQ-algebras have been studied in [2, 3] . Moreover the {∧, →, 1}-reduct of good EQ-algebras are BCK-meet-semilattices.
Our main aim is to find interesting properties of Boolean elements in a lattice EQ-algebra with bottom element. The set of these elements is called Boolean center and we show that it is a subalgebra of E. This paper is organized as follows: in section 2, we review the basic definitions, special types of EQ-algebras and their properties. In section 3, we investigate some new properties of EQalgebras. Section 4 is dedicated to showing that a complement of an element may not be unique unless in a special type of EQ-algebra. Finally, we determine the set of all Boolean elements of E is the universe of a Boolean subalgebra of E. 
Preliminaries. We recall the basic definitions and results of EQ-algebras
The binary operations ∧, ⊗ and ∼ are called meet, multiplication and a fuzzy equality, respectively. Clearly, (E, ≤) is a partial order. We denote, for a, b ∈ E a := a ∼ 1 and a
The binary operation → will be called implication. If 0 is a bottom element of E, E is denoted bEQ-algebra, then we may define the unary operation ¬ on E, for all a ∈ E, by ¬a = a ∼ 0.
For a, b ∈ E and n ∈ N , we define a
Lemma 1.1. [3, 7] Let ξ be an EQ-algebra. Then the following properties hold for all a, b, c, d ∈ E:
Definition 1.2. [11, 2] Let ξ be an EQ-algebra. We say that it is It is clear that by (e 9 ) every good EQ-algebra is a separated EQ-algebra and also every separated EQ-algebra is a semi-separated EQ-algebra.
Theorem 1.3. [3]
The following properties are provable in all good EQ-algebras ξ, for all a, b, c ∈ E: 
Lemma 1.5. [3] The following statements are equivalent in any EQ-algebra:
Definition 1.6. [3] A nonempty subset F of an EQ-algebra ξ is called a prefilter of ξ, if for all a, b ∈ E, the following conditions hold
The set of all prefilters of E is denoted by PF(E).
For a nonempty subset X of an EQ-algebra ξ, the smallest prefilter of ξ which contains X, i.e. ∩ {F ∈ P F (E) : X ⊆ F }, is said to be a prefilter of ξ generated by X and will be denoted by < X >. In [7] , it is shown that
..)) = 1, for some x i ∈ X and n ≥ 1}.
Theorem 1.7.
In every EQ-algebra ξ for a, b ∈ E, we have:
is a complete Brouwerian lattice [7] .
Lemma 1.8. [7]
An EQ-algebra ξ is semi-separated iff < 1 >= {1}.
Some properties of EQ-algebras
In this section, we investigate some new properties of EQ-algebras.
The converse is clear by (g 5 ).
Lemma 2.2. Let ξ be an EQ-algebra. We have the following statements for a, b, c ∈ E:
Proof. (e 21 ) By (e 6 ), (e 7 ) and (e 17 ) we obtain
(e 22 ) By (e 6 ) and (e 15 ) we have
Theorem 2.3. Let ξ be an lEQ-algebra and for
(
iii) It is clear by (i) and (ii).
Let ξ be an EQ-algebra with bottom element 0. Then ¬a → (a → 0) = 1 implies that
The following lemma shows that
ω is the set of nonnegative integers. For a, z ∈ E and n ∈ ω we define a
Lemma 2.4. Let ξ be an EQ-algebra. Then, the following statements are equivalent, for all a, b, c ∈ E:
Then by applying (e 10 ) and (e 17 ) continuously, we can say there is positive integer k 1 such that
On the other hand by using (e 6 ) we have
Now we get that
Since we have b → n c = 1, by using (e 7 ), (e 17 ) and (e 10 ) we can find positive integers k 2 , k 3 such that
Hence by hypothesis, we have a
Clearly, iterating the process we can obtain there is positive integer l such that
Similarly, we can obtain a → n−1 c l = 1. Repeating the above procedure n − 1 times, there exists positive integer p such that
Hence by hypothesis we obtain c p = 1 and by (e 6 ) we get that
Now we get that c p−2 = 1. Therefore by continuing this way we get that c = 1 and so 
It is easy to see that c and d satisfy in Lemma 3.4(i) and also < c >= {c, a, 1} and
Boolean elements in EQ-algebras
Let ξ be a lattice EQ-algebra with bottom element 0. Recall that an element a ∈ E is In the sequel a lattice EQ-algebra with bottom element is denoted by blEQ-algebra.
We know, in a distributive bounded lattice, complements of an element a ∈ E are unique.
So by [2] in every prelinear and separated ℓEQ-algebra with bottom element 0, complements (if exist) are unique.
The following examples show EQ−algebras that their some elements may have more than a complement. 
Then (E, ∧, ⊗, ∼, 1) is a blEQ-algebra and |B(x)| > 1, for all x ∈ E − {0, 1}.
By the following lemma, we can find conditions under which complements of an element a ∈ E are unique i.e |B(a)| = 1. 
Proof. (i) We have by hypotesis
Similarly we conclude c ≤ a → b.
(ii) Let ξ be an ℓEQ-algebra. Then by (i) and (l 4 ) we have
Similarly we can obtain c ≤ b. ≤ ¬b and ¬a ∨ ¬b = 1, for all b ∈ B(a) .
(iii) It is clear by (ii).

Lemma 3.3. Let ξ be a blEQ-algebra and a ∈ B(E). Then:
(i) b ≤ ¬a, for all b ∈ B(a), (ii) a ⊗ (b ∨ c) ≤ 0, for all b, c ∈ B(a), (iii) a ∨ ¬a = 1, (iv) ¬a ∨ a = 1, (v) a
Proof. (i) Let b ∈ B(a).
Then by (e 6 ) and (e 13 ), we have:
(iii) Let a ∈ B(E). Then there exists
is a ∨ ¬a = 1.
(iv) Since a ≤ a and ¬a ≤ ¬a, so by (iii) we have 1 = a ∨ ¬a ≤ a ∨ ¬a. Thus a ∨ ¬a = 1.
(v) Let a ∈ B(E) and b ∈ B(a).
Then a ∨ b = 1 and a ∧ b = 0. Thus by (e 6 ) we have
Also we obtain by (iv), 1 = a ∨ ¬a ≤ ¬b ∨ ¬a ≤ ¬b ∨ ¬a, that is ¬b ∨ ¬a = 1.
A characterization of B(E) is shown as follows:
Theorem 3.4. In a good blEQ-algebra ξ, a ∈ B(E) iff a ∨ ¬a = 1.
Proof. Let a ∨ ¬a = 1. Then by (g 6 ), we have
So by (g 7 ), we obtain a ∧ ¬a ≤ ¬¬a ∧ ¬a = 0, that is a ∧ ¬a = 0. Therefore a ∈ B(E).
The converse follows from Lemma 4.3 part (iii).
By the following example, we show that the condition ′′ good ′′ in the Theorem 4.4 is necessary. 1 1 a a a  a 1 1 a a a  b a a 1 c c  c a a c 1 c  1 a a c c 1 
Then (E, ∧, ⊗, ∼, 1) is a blEQ-algebra, while, it is not a good. It is clear that a ∨ ¬a = 1 while a / ∈ B(E) .
Some properties of a Boolean element of separated, good and spanned blEQ-algebra are obtained from the following lemmas.
Lemma 3.6. Let ξ be a separated blEQ-algebra and a ∈ B(E). Then for all b ∈ E, we have
(i) ¬a → a = a and a → ¬a = ¬a, (ii) (a → b) → a = a, (iii) ¬¬a ≤ a.
Proof. (i) For a ∈ B(E),
by (e 22 ) we have ¬a ≤ (¬a → a) → a, and by (e 6 ) we have a ≤ a ≤ (¬a → a) → a and so
Thus we conclude
Since ξ is a separated EQ-algebra, by Lemma 2.5 we get that ¬a → a ≤ a and a → ¬a ≤ ¬a.
Also a, ¬a ≤ 1 implies a ≤ ¬a → a and ¬a ≤ a → ¬a. Therefore a = ¬a → a and ¬a = a → ¬a.
(ii) By (e 7 ) and (i) we obtain
On the other hand, we have
(iii) We have by (e 7 ) and (i)
Lemma 3.7. Let ξ be a good blEQ-algebra and a ∈ B(E). We have the following statements for b, c ∈ E:
(i) ¬a ∈ B(E),
Proof. (i) Let a ∈ B(E). Then by Lemma 4.3, we have a ∨ ¬a = 1 and by the proof of Theorem 4.4 we obtain a ∧ ¬a = 0, that is ¬a ∈ B(a).
(ii) It is clear by Lemma 4.6 part (i).
(iii) By (g 6 ), we can obtain
(iv) By (e 7 ), (e 14 ) and (g 4 ) we have
Thus by (e 21 ), we can obtain
(v) By (e 15 ) and Lemma 4.6 part (ii), we have:
(vi) We obtain by (iv):
(vii) It is clear by Lemma 4.6 part (iii) and (g 7 ).
Corollary 3.8. Let ξ be a good blEQ-algebra and a, b ∈ B(E). Then
(i) (a → b) → b = (b → a) → a, (ii) (a → b) → b = ¬a → b.
Proof. (i) It follows from Lemma 4.7 part (v).
(ii) By (e 15 ) and Lemma 4.7 part (ii) we obtain
We also have ¬a ≤ a → b and so
Lemma 3.9. Let ξ be an bℓEQ-algebra and a ∈ B(E). Then we have
Proof. (i) By Lemma 4.3 part (iii) we have:
On the other hand, since a ≤ 1 we can obtain
Therefore by Lemma 4.3 part (v), ¬b = a.
In a bEQ-algebra ξ, we denote B * (E) := {a ∈ E :< a > ∩ < ¬a >= {1}}. By Lemma 3.4
for all a, b, c ∈ E, a ∈ B * (E) iff a → c = ¬a → c = 1 implies c = 1.
Lemma 3.10. Let ξ be an EQ-algebra. Then ξ is semi-separated iff
Proof. Let ξ be semi-separated. Then by Lemma 2.7, < 1 >= {1} and we get that
and
Thus 0, 1 ∈ B * (E).
Let 0, 1 ∈ B * (E) and a ∼ 1 = 1.
Thus a, ¬a ≤ 1 implies < 1 >⊆< a > ∩ < ¬a >= {1}. Therefore < 1 >= {1}, so by Lemma
By the following theorem, we show that B(E) = B * (E), where ξ is a good bℓEQ-algebra.
Theorem 3.11. Let ξ be a good bℓEQ-algebra. Then a ∈ B(E) iff a ∈ B * (E).
Proof. Let a ∈ B(E). Then by Lemma 4.3, we have
by Lemma 3.4, we can conclude a ∨ ¬a = 1.
Thus a ∈ B(E).
By the following theorem, we display B(E) is closed under ∧, ∨, → on every good bℓEQ-algebra.
Theorem 3.12. Let ξ be a good bℓEQ-algebra and a, b ∈ B(E). Then
(i) a ∧ b ∈ B(E) and also a ∧ b = ¬(a → ¬b), (ii) a ∨ b ∈ B(E), moreover a → b ∈ B(E).
Proof. (i) Let a, b ∈ B(E).
Then by Theorem 4.11,
Since E is an ℓEQ-algebra, by Theorem 2.7 part (iii) we have:
and we conclude that a ∧ b ∈ B(E).
Also by Lemma 4.7 part (vii), Lemma 4.9 part (iv) and (g 6 ), we have
By hypothesis, by Theorem 2.7 part (iii) we get that
Therefore a ∨ b ∈ B(E). So by Lemma 4.9 part (iv), we can say a → b ∈ B(E).
The following lemma shows that B(E) has distributive property in a good blEQ-algebra E.
Lemma 3.13. Let ξ be a good bℓEQ-algebra and a, b, c ∈ B(E). Then a∨(b∧c) = (a∨b)∧(a∨c).
Proof. By Theorem 4.12 and Lemma 4.9 part (iv), we have
By using (e 6 ), Lemma 4.6 part (ii) and Lemma 4.7 parts (i) and (iv) , we obtain
Definition 3.14. An lEQ-algebra ξ is called (⊗, ∨)-distributive if the following equality holds
for all a, b, c ∈ E:
It is easy to check that any chain EQ-algebra and residuated EQ-algebra are (⊗, ∨)-
The following examples show that an EQ-algebra may not be (⊗, ∨)-distributive in general. 1 1 1 1  a 1 1 1 1 1 1  b 1 1 1 1 1 1  c 1 1 1 1 1 1  d 1 1 1 1 1 1  1 1 1 1 1 1 1 We can check that (E, ∧, ⊗, ∼, 1) is an blEQ-algebra and
We have
c = c ⊗ (e ∨ f ) ̸ = (c ⊗ e) ∨ (c ⊗ f ) = a, so E is not (⊗, ∨)-distributive.B(E) = {0, 1, b, d}. E is not (⊗, ∨)- distributive and also B(E) is not a Boolean algebra since b ⊗ b = a ̸ ∈ B(E).
Lemma 3.16. Let ξ be a (⊗, ∨)-distributive EQ-algebra and a ∈ B(E). Then for all x, c ∈ E
it holds that 
Proof. Consider a ∈ B(E)
Thus (a ∧ x) = (a ⊗ x). 
Conclusion
In this paper, we carried out a study of EQ-algebras. We introduced the notion of Boolean center in a lattice ordered EQ-algebra ξ with bottom element 0 and showed this set is not empty in general. We also proved some properties of an EQ-algebra and using those properties, we studied the properties of a boolean element of ξ. We determined that by special type of an EQ-algebra with a bottom element, complements of the element are unique. Furthermore, we concluded that Boolean center is characterized under some conditions. Finally, we showed that the Boolean center can be the universe of a Boolean subalgebra of E.
The following questions can be raised:what is the relationship between the lattice (CON (E)) of the congruences of E and the lattice (CON (B(E) 
